We study a consistent explanation for both deficits of solar neutrino and atmospheric neutrino due to the neutrino oscillation induced by the mixing of five light neutrinos with a heavy right-handed neutrino. Although this scenario contains only one nonzero mass eigenvalue ∼ 10 eV for these five neutrino states, it can consistently explain both deficiency. It can also naturally present a suitable hot dark matter candidate as its own feature. We propose a phenomenological model for the neutrino mass matrix which realizes such a scenario in the simple three generation left and right handed neutrino
It is one of the most interesting issues to clarify the neutrino mass problem in the present particle physics. It has the great influences not only to the consideration of new physics beyond the standard model but also to the study of astrophysics. Now we have some clues for this problem. The deficiency of solar neutrinos [1] and atmospheric neutrinos [2] have been shown to be explained by ν e → ν x and ν µ → ν y oscillation, respectively. The predicted neutrino masses and mixings from these observations are followings.
For solar neutrino problem [3] , 
(ii) MSW large mixing solution:
and for atmospheric neutrino problem [4] , ∆m yµ ≡ |m 
Usually it is considered that x is µ and y is τ . It is a very interesting subject to realize these parameters in the suitable particle physics model. There are various studies of the neutrino mass matrix which can explain these values consistently [5, 6] .
On the other hand, it is well known now that the most amount of mass in the universe must be stored in the nonbaryonic dark matter. There have been proposed two possible candidates of dark matter, that is, the hot dark matter and the cold dark matter. However, the analyses based on the data on the structure of the universe which are now available on a wide range of distance scales have shown that these dark matter models fail to explain the structures on small or large distance scales, respectively. It was suggested recently that a cold + hot dark matter model agrees well with astrophysical observations if there is one neutrino species with ∼ 5eV mass [7, 8] . From this cosmological point of view, it 1 There is another vacuum oscillation solution. The oscillation parameters for this solution are ∆m 2 ∼ (0.5 − 1.1) × 10 −10 eV 2 , sin 2 2θ ∼ 0.8 − 1.0. However, we do not consider this solution in this paper.
is a well motivated subject to introduce ∼10eV neutrino as a candidate of dark matter into the particle physics model in the natural way. In fact, there are many trials of the model building to predict these neutrino masses [9] . However, it seems not to be so easy to construct models which accomodates these features naturally.
In this paper we propose a scenario which can accomodate the above mentioned features within the framework with three generation left and right handed neutrinos. In this scenario only one right handed neutrino has a large Majorana mass and remaining five light neutrinos have the small mixings with it. Due to the seesaw mechanism [10] we can get very interesting oscillation structure for these light five neutrino states.
2 There is only one nonzero mass eigenvalue but the required neutrino oscillations can occur as a result of these mixings.
We begin with the description of the framework of five states mixing. The mass eigenstates φ i is related to the weak interaction eigenstates ψ i by the mixing matrix V (l)
where we consider the basis on which both of the charged lepton mass matrix and the lepton charged current are diagonal. Using this mixing matrix, we can write down the time evolution equation of these states
If we assume as usual these states are ultra relativistic here, Hamiltonian H is expressed as
where ∆m
and m k is the k-th mass eigenvalue. E is the energy of the neutrinos. The potentials induced effectively through the weak interactions with matter are introduced as a i . Now we confine ourselves to a special case in which four mass eigenvalues are zero, except for m 5 (≡ m). In this case, as is easily found, H depends only on the mixing matrix 2 In the ordinary seesaw mechanism, three right handed neutrino get the large Majorana masses and the hierarchy m ντ ≫ m νµ ≫ m νe appears. However, in such a scheme it is difficult to explain the above mentioned observations, simultaneously. elements V (l) 5i . We introduce four angles α i (i = 1 ∼ 4) and parametrize them as follows,
where s i = sin α i and c i = cos α i and we neglect the phases. Using this parametrization, H can be written as,
To study the oscillation phenomena in this system, it is instructive to remind the usual two flavor oscillation in the vacuum whose Hamiltonian is
sin 2ω
The oscillation between two states is characterized by the two parameters, that is, the mixing angle θ and the oscillation length l 0 which are defined by
In the above two flavor case these parameters are determined as θ = ω and l
.
It is useful to remind that the constraints (1) ∼ (3) from solar and atmospheric neutrino observations are refered to these parameters.
These oscillation parameters between each two states in eq. (8) with a i = 0 can be readily written down by using eq. (10) as follows,
tan 2θ = − tan 2α 4 ,
for ψ 2 ↔ ψ 3 :
for ψ 3 ↔ ψ 4 :
for ψ 4 ↔ ψ 5 :
and so on. From these formulae we can easily read off the effective squared mass differences ∆m 2 for each two state oscillation.
In order to investigate the possibility of the consistent explanation for three aspects of the neutrino masses introduced in the first part, we need to identify these five states with the physical neutrino states. There are two promising cases,
In eq. (8), a i should be taken as zero for the sterile neutrinos. Under this identification we set up the parameters in eq. (8) as follows,
In our present scheme the light right handed neutrinos have mixings with left handed active neutrinos. As is well known, the standard big bang nucleosynthesis(BBN) [11] predicts that the effective neutrino species during the primodial nucleosynthesis should be less than 3.3. This fact severely constrains the mixing angle θ and squared mass difference ∆m 2 for a sterile neutrino mixing with left handed active neutrinos [12, 13] ,
These constraints rule out the large mixing MSW solution of solar neutrino problem due to ν e → ν s and also the explanation of atmospheric neutrino problem by ν µ → ν s . However, these constraints are derived under the assumption that the relic neutrino asymmetry L ν is very small. It is suggested in ref. [14] that for L ν > 7 × 10 −5 both of these solutions can be consistent with BBN constraints. Following this suggestion, in the remaining discussion we shall take account of these possibilities too.
As is easily seen from the above formulae (11)∼ (14) for the oscillation parameters, under the above parameter settings (15) (1) and (2) for the MSW solution [15] of solar neutrino problem by taking as s 3 ∼ 4 × 10 −2 . As to the mixing angle, both of the small mixing and the large mixing solution are possible. This is because there is no constraint on s 4 . The solar neutrino deficit is explained by ν e → ν s [16] . This possibility will be examined by the future solar neutrino experiments in Super-Kamiokande and SNO as pointed out in [13] . Moreover, it is remarkable that in the present scenario only nonzero mass eigenvalue m can be set just in the appropriate region for the hot dark matter, which can explain the structure formation of the universe.
Some comments are in order on the difference between the case (A) and the case (B).
In the case (A) the atmospheric neutrino deficit is explained by ν µ -ν τ oscillation and the dark matter candidate is the right handed neutrino whose mass is > ∼ 10 eV. 4 On the other hand, in the case (B) ν τ can be a ∼5eV hot dark matter and the atmospheric neutrino deficit is due to the ν µ -ν s oscillation. These two cases can be clearly distinguished by observing ν µ -ν τ oscillation because the mixing angle and the squared mass difference of ν µ -µ τ are completely different between them. As mentioned in the previous part, if the relic neutrino asymmetry is negligible the case (A) with small mixing MSW solution will be an only allowed scenario by the consistency with the BBN.
It may be worthy to note that the existence of five light neutrino states are necessary and sufficient to realize the required effective mass hierarchy from one nonzero mass eigenvalue. It is also very remarkable that they can be embedded in the three generation neutrino model naturally.
Here we should add some discussions about the probability that the sterile neutrino becomes the dark matter candidate without conflicting with the BBN bound [13, 17] . We consider the neutrinos ν L and ν R whose mass terms are given by
where we assume µ ≪ M and then the light neutrino mass is given as
Following the analysis in ref. [17] , the relation between the distribution functions f s , f ν of sterile and active neutrinos at the period of nucleosynthesis is given by
where g * is the number of effective massless degrees of freedom at that time. In order to estimate µ and M consistent with the BBN we take account of the relations
where h = H 0 /(100km sec −1 MPc −1 ) and H 0 is Hubble constant today. The ratio of energy density of particle species a to the critical energy density of the universe is represented as Ω a ≡ ρ a /ρ c . From eqs. (18) and (19) we get
Following BBN scenario, the contribution of sterile neutrinos to the energy density at the time of primodial nucleosynthesis must be smaller than half of the contribution of a light neutrino species : f s < ∼ 0.5f ν . From this fact, using (19) we get
In case of M ≫ µ, the mixing angle θ is given by θ ∼ µ/M and then
If we take g * ∼ 10. (4, 4) element of H, is independent of M. It is also notable enough to take a value in the range which is appropriate for the explanation of atmospheric neutrino problem. On the other hand, from eq. (21) the sterile neutrino mass should be > ∼ 10eV as suggested in [13, 17] , which is somehow larger value than one of the usual hot dark matter [7, 8] .
We now study the phenomenological mass matrix for the neutrinos which can realize the above scenario. In the framework of three generation left and right neutrinos we assume the following effective mass terms
where we assumed the case (A). The same argument can be done for the case (B). If we provide the following mass heierachy:
(ii) MSW large mixing solution
our scenario studied here can be naturally realized for the suitable charged lepton mass matrices. We will show this by taking some typical mass matrices for the charged lepton sector as examples.
Following the seesaw mechanism in the mass terms (23), the mass matrix for five light states becomes
where
using the matrix
i . The KM matrix for the lepton sector which appears in eq. (4) can be written as
† by using the diagonalization matrix U (l) of the charged lepton mass matrix.
At first, as the simplest example, we consider the case of diagonal charged lepton mass matrix. In this case U (l) is a unit matrix and then V
Under the above assumptions (24) and (25) for mass hierarchy, it is clear that the conditions (15) are easily realized if we remind the definitions (7) . In fact, to give the favorable values
it is sufficient to assume the following mass hierarchy:
(i) MSW small mixing solution for solar neutrino problem,
(ii) MSW large mixing solution for solar neutrino problem,
For these values we can also roughly estimate the elements of KM matrix in the lepton sector, which correspond to V 
The noticable feature of these matrices is the largeness of the off diagonal elements V (l) ντ µ and V
νµτ . Next we apply Fritzsch type mass matrix [18] to the charged lepton sector. Substituting the well known results in the diagonalization of Fritzsch mass matrix into U (l) , we can get the relevant matrix elements V (l) 5i as follows,
where we introduce the phases e iσ and e iτ for generality. Taking account of the hierarchy among µ i and putting s 2 ∼ c 2 ∼ 1/ √ 2, we get the following relations from (31),
where we take σ = τ = 0. The relation (33) shows that the large mixing solution for solar neutrino (s 4 ∼ c 4 ) is preferable to realize the required mass difference ∆m 2 ∼ 10
in (ψ 1 , ψ 2 ) sector. However, even if c 4 ∼ 1/ √ 2, the value of s 3 seems to be a little bit larger than the required one (s 3 ∼ 4 × 10 −2 ). This may mean that in our scheme Fritzsch type mass matrix seems not to be suitable as the charged lepton mass matrix. Of course, there is no necessity for the similarity in the mass matrices between quarks and leptons sector in the present scheme. This situation may be changed if we take account of the phase effects of V (l) , as suggested in ref. [6] . In fact, if we take σ = τ = π, the sign of the first term in eq.(33) changes and the cancellation with the second term can make s 3 an suitablly small value. This example shows that the structure of the charged lepton mass matrix is also crucial for our scenario to work well. For this example, we can also write down the KM-matrix elements for the lepton sector explicitly as follows,
These values can be also roughly estimated as the previous example. Also in this case the remarkable feature is the large values of V νµτ . Finally we comment on the possibility of the embedding the present scenario into some underlying theories. Such models will not be the usual grand unified models with the ordinary seesaw mechanism, in which the right handed neutrinos are required to be all heavy. One promising possibility is a superstring inspired E 6 model, in which the group theoretical constraints on the Yukawa couplings become very weak. Usually it is not so easy to accomodate small neutrino masses and induce neutrino oscillation without bringing other phenomenological difficulty in that framework [19] . However, if we introduce unconventional field assignments [20] under suitable conditions in that model, it is possible to show that very similar structure which is discussed here can be realized.
The detailed study of this subject will be presented elsewhere [21] .
In summary we proposed a neutrino oscillation scenario which can explain successfully both of the deficits of solar neutrino and atmospheric neutrino within the framework of three generation left and right handed neutrinos. Although this scenario has only one nonzero mass eigenvalue, the appropriate effective squared mass differences and mixing angles for the explanation of both problems are induced through the state mixings with a heavy right handed neutrino in the basis of seesaw mechanism. A remarkable feature of this scenario is that it can naturally contain a neutrino as the dark matter candidate with the appropriate mass. We also studied the phenomenological neutrino mass matrix which can realize this scenario and briefly discussed the features of the KM matrix in the lepton sector.
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